Finite-time Markovian channels, unlike their infinitesimal counterparts, do not form a convex set, calling into question the possibility of a resource theory of non-Markovianity for channels. As a particular instance of this observation, we consider the problem of mixing the three Pauli channels, conservatively assumed to be quantum dynamical semigroups, and fully characterize the resulting "Pauli simplex". We show that neither the set of non-Markovian (CP-indivisble) nor Markovian channels is convex in the Pauli simplex, and the measure of non-Markovian channels is about 0.87. All channels in the Pauli simplex are P-divisible.
geometry of the sets and point out how some earlier results arise as special cases. An important consequence of our result is that unlike the set of generators of Markovian evolutions, the set of Markovian channels is not convex and thus cannot form 'free states' from the perspective of a resource theory. By contrast, it has been shown that Markovian evolutions over an infinitesimal time interval are closed under convex combinations, leading to the concept of free states in the resource theoretical approach to non-Markovianity [16, 17] .
The paper is organized as follows. Sec. II and Sec. III discusses the convex combination of two and three Pauli channels respectively. We show that for finite mixing of two channels, the resultant channel is non-Markovian throughout, whereas for the case of mixing three channels, a more complex picture emerges, which we fully characterize. We discuss the implications of our result and give a measure of the sets of Markovian and non-Markovian channels in Sec. IV. We then conclude in Sec. V.
II. CONVEX COMBINATION OF TWO CHANNELS
Consider the channel E acting on a qubit, represented by the density matrix
The vector a = (a 1 , a 2 , a 3 ), with |a| ≤ 1, is the Bloch vector. Here, we consider Pauli channels which are unital, as defined by E(σ I ) = σ I , and E(σ i ) = x i σ i , where σ I = 1 and σ i 's are the Pauli matrices.
Consider the two Pauli channels E p y (ρ) = (1 − p)ρ + pσ y ρσ y and E p z (ρ) = (1 − p)ρ + pσ z ρσ z , where p is a decoherence parameter, with p ∈ [0, 1 2 ), which in general is time-dependent. Conservatively, we choose p to be 1 − exp(−rt)/2, where r is a constant. This corresponds to a quantum dynamical semigroup (QDS), with a time-independent Lindblad generator. More generally, we may allow p to be any function that monotonically rises from 0 to 0.5. Note that we use the same p for each of the Pauli channels, making our study and analysis interesting.
Consider the convex combination of two channels as
Recasting this as (1 − p)I + apσ z ρσ z + (1 − a)pσ y ρσ y shows that E * (p) to be a generalized Pauli channel, where the y and z fractions in the mixture remain constant under the evolution. To check the non-Markovianity of the channel E * according to the RHP criterion [6] , we consider the intermediate map E * (q, p) defined by E * (q) = E * (q, p)E * (p), with p ≤ q < 1 2 and a ∈ (0, 1). For this, we use the A-matrix representation of the map following [4, 5] . The A-matrix acts on the density matrix expressed as a column vector. The A-matrix for the intermediate map is therefore readily obtained by A * (a, q, p) = A * (a, q)A * (a, p) −1 . By re-arranging the entries of A * (a, q, p), one obtains the dynamical (or, Choi [18] ) matrix
with For the case of a = 1, the channel is Markovian corresponding to the two positive eigenvalues 1 ± ν where ν = 1−2q 1−2p . Theorem 1 can be proven by an argument based on generators, as discussed below.
Proof. The time-local generator L of a channel E, is defined byĖ = LE. For the channel, Eq.
(2), the time-local generator is found to be
Using the time-local generator, Eq. (4), the differential form of the channel can be written as
where γ k 's are the decay rates. Note that we work in the Pauli basis {1, σ i }. The decay rate, γ X turns out to be
square brackets andṗ in the RHS of this equation are positive. This implies that the mixing of any two Markovian Pauli channels produces a channel which is non-Markovian. A similar result follows for the other convex combinations of any other pair of Pauli channels as well.
III. CONVEX COMBINATION OF THREE CHANNELS
Here, we consider the simplex obtained by arbitrary convex combinations of the three Pauli channels, which are assumed to have a QDS form and the same decay rate c. A general three-way
We shall call this the Pauli simplex. This is an equilateral triangle, whose vertices are QDS Pauli channels having a constant decay rate.
The time-local generator L is given by
The differential form of the channel follows to be of the same form as in Eq. (5), with the decay rates being
For arbitrary choices of a, b and c, it can be seen that in general one or more of the decay rates can become negative, implying the CP-indivisibility (and thus non-Markovian nature) of the channel.
The following result holds. Proof. The proof of (a) follows readily from Figure 1 , derived in the following section. Here, the Markovian set is seen to constitute a curved-edge (horn) triangle within the Pauli simplex and having its vertex angles of 0 degrees. To prove (b), we note that in Eq. (9), the decay rate expressions have the form
where f (α, p) ≥ 0 for all p ∈ [0, 1 2 ) and α ∈ {a, b, c}. The the sum γ i + γ j , i, j = X, Y, Z, i = j is always positive, even though an individual rate may be negative. For example γ X +γ Y = 2f (c, p) ≥ 0. This implies that the dynamics obtained by the mixing is P-divisible and in the qubit context, is equivalent to Markovianity according to the BLP distinguishability criterion [9] .
Below, we determine the measure or area of (non-)Markovian maps in the Pauli simplex.
IV. MEASURE OF (NON-)MARKOVIAN MAPS IN THE PAULI TRIANGLE
The inherent 3-way symmetry in the problem helps simplify the analysis. Lemma 1. If a channel obtained as a mixture of the three Pauli (QDS) channels is non-Markovian, then precisely one of the three rates γ j is negative.
Proof. It follows from Eq. (10) at most one of the three decay rates can be negative. Next, note that df (α,p) dp = 2(1−α) 2 (1−2(1−α)p) 2 > 0 for all p, α. Thus, in a given rate γ j (j ∈ {X, Y, Z}), two of the terms will produce a monotonic increase in rate whereas the negative term will produce a monotonic decrease. Further, all rate components γ j start at a positive value. For example, γ Y (a, b, 1 − a − b, p = 0) = 2b. Now, suppose γ X is negative in some region, it follows from the considerations of the preceding paragraph that there is a p 0 such that γ X is negative for p ≥ p 0 and positive otherwise. That is, for p > p 0 , we have f (b, p) > f (a, p) + f (c, p), and it remains so for p ∈ [p 0 , 1 2 ). But, by that token, notice that γ Y and γ Z will always be positive throughout.
It follows from Lemma 1 that the regions R X , R Y and R Z in the (a, b, c) parameter space, where γ X , γ Y and γ Z turn negative, will be non-overlapping. In Figure 1 Proof. As noted, by virtue of the monotony of f (α, p), if a given rate (say) γ Y (a, b, c, p) turns negative at p = p 0 , then it remains negative throughout the remaining range of p, and in particular at p = 1 2 .
Thus, γ Y (a, b, p) will turn negative if and only if γ Y a, b,
We wish to determine the set of all points (a, b) that yield negative γ Y at p = 1 2 . To this end, we solve γ Y (a, b, 1 2 − x) = 0 for a in terms of b, which yields
From this, one finds that for
is negative (resp. positive). Regions of b > β(x) are those for which γ X (a, b) is still positive for p = 0.5 − x. Thus, we fully determine R Y , by setting x := 0. Accordingly:
where the pre-factor comes from the normalization that of the Pauli simplex, represents the set of maps where γ Z alone turns negative after sufficienly long time; similarly for R X and R Z . However, the union of these three non-Markovian regions is clearly not convex. Also, whilst the Markovian region is a connected region, the non-Markovian region is not, being the union of three disjoint regions. The three convex regions marked R j , (j ∈ {X, Y, Z}) corespond to non-Markovian (CP-indivisible).The corresponding edges of the horn triangle are described by the equations γ X (p = 1 2 ) = 0, γ Y (p = 1 2 ) = 0 and γ Z (p = 1 2 ) = 0. The area of the horn triangle is about 0.87 of the Pauli simplex.
V. CONCLUSIONS
We have discussed the convex combination of two and three Markovian Pauli channels, taken to be quantum dynamical semigroups. For finite mixing of two channels, the resultant channel is non-Markovian (CP-indivisible) throughout. However, the case of mixing the three Markovian Pauli channels may produce a Markovian or non-Markovian channel. We characterize the Pauli simplex, which is the set of all possible mixtures of the three Pauli channels. Neither the Markovian nor non-Markovian regions is convex. The measure of the non-Markovian region in the Pauli simplex 0.87. This means that if the three channels are mixed in a random proportion, then the probability that the resulting channel will be non-Markovian is about 0.87.
In any resource theory, the set of free states by definition forms a convex set. In a recently formulated resource theory of quantum non-Markovianity [16, 17] , the set of generators of CPdivisible channels (represented as the Choi matrices of the corresponding infinitesimal map) act as free states in the resource theory. Our result above implies that at the level of finite-time channels, the set of Markovian (CP-divisible) channels do not form a convex set. Thus one cannot have a resource theory of quantum non-Markovian channels where finite-time Markovian channels correspond to free states.
